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Ultra-Directional Transition Radiation From
Deep-Subwavelength Epsilon-Near-Zero Metamaterials

Zun Wang, Zheng Gong, Ruoxi Chen, Xiangfeng Xi, Jialin Chen, Yi Yang,
Hongsheng Chen,* Erping Li, Ido Kaminer,* and Xiao Lin*

Transition radiation occurs whenever free electrons penetrate an optical sample
and offers a powerful route to create light emission for arbitrary frequencies,
which is crucial to numerous interdisciplinary applications. However, this type
of light emission generally has a broad angular distribution and weak intensity,
especially when the sample thickness is subwavelength. Accordingly, ultra-
thick samples are required in practical applications and fundamentally inhibit
enticing on-chip applications. Here, a mechanism is theoretically revealed
to create ultra-directional transition radiation with enhanced intensity from
epsilon-near-zero metamaterials with a deep-subwavelength thickness, down
to one hundredth of the light wavelength. The underlying mechanism lies
in the extreme photonic density of states that can couple to free space within
a predefined angular range through the judicious design of metamaterials’
anisotropy. Specifically, by tailoring one component of metamaterials’ relative
permittivity to be near zero and the other much larger than unity, the radiation
peak can exhibit a narrow angular spreadwith full width at half maximummuch
smaller than one degree, along with a three-order-of-magnitude enhancement
in intensity. Moreover, this ultra-high directionality is robust to variations
in electron velocity and can be achieved by low-energy electrons. The finding
may pave the way toward the development of novel on-chip photonic devices.

1. Introduction

Transition radiation,[1–6] as theoretically proposed by Ginzburg
and Frank in 1946, is a typical type of free-electron radiation.
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It could happen whenever the charged par-
ticles (e.g., free electrons) pass through
inhomogeneous media, such as an opti-
cal interface separating different media. As
further predicted by Garibian in 1959,[2]

the intensity of X-ray transition radiation
increases linearly with the Lorentz factor
𝛾 = 1∕

√
1 − v2∕c2, when the particle veloc-

ity v approaches the speed of light c in
vacuum. This unique feature enables the
wide use of transition radiation in high-
energy physics and astrophysics,[7–10] espe-
cially for the beam diagnosis and the iden-
tification of particles with extremely high
energies (e.g., those with a kinetic energy
larger than 100 giga-electron-volts or 𝛾 >

105[10]). On the other hand, while the tran-
sition radiation is capable to create light
emission at any frequency regime,[11–13]

ranging from microwave to X-ray, the gen-
eration of transition radiation itself does
not have any fundamental requirement
on the particle velocity. In stark contrast,
Cherenkov radiation[14–20] always requires
the particle velocity to exceed the Cherenkov
threshold (i.e., the phase velocity of light

in the host medium),[21–24] by which all practical applications
of Cherenkov radiation[25–30] are limited. Compared to the
Cherenkov radiation, the transition radiation provides an in-
dispensable and complementary route for the development of
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integrated light sources at previously hard-to-reach frequency
regimes (e.g., terahertz, ultraviolet, and X-ray) readily by ex-
ploiting low-energy particles.[24,31,32] Because of these entic-
ing features, transition radiation is crucial to many interdisci-
plinary applications, ranging from particle detectors,[33,34] com-
pact light sources,[35–39] nanophotonics,[40–43] plasmonics,[44–48]

material science[49–54] to bio-imaging.[55,56]

However, the transition radiation typically suffers from poor
directionality and low intensity. These intrinsic drawbacks fun-
damentally impede the further development of many promis-
ing transition-radiation-based applications, especially for those
on chips.[57–59] While the enhancement of the intensity of tran-
sition radiation has been widely investigated and could be
achieved,[11,60,61] for example, via the usage of high-current elec-
tron beams, there is comparatively less research on how to im-
prove the directionality of transition radiation.
Currently, the improvement of the directionality of transition

radiation primarily relies on two conventional approaches. The
first approach is to use high-energy particles[12] (e.g., those with
𝛾 > 100 or the kinetic energy larger than 500 MeV). Under this
scenario, there is always the emergence of a sharp radiation peak
at the angle 𝜃p, which is closely related to the Lorentz factor 𝛾 ,

[1,2]

namely 𝜃p = 1/𝛾 . Generally, a larger kinetic energy of particles
could lead to a better directionality of transition radiation. The
second approach is to increase the interaction length between the
charged particle and the designed sample. As a typical example,
the coherent X-ray transition radiation with a sharp angular peak
could be created using multilayer conducting foil plates, whose
thickness spans several meters.[7] Similarly, the resonance tran-
sition radiation with high directionality can be achieved via pho-
tonic crystals,[8,21,24,62] whose total thickness is generally two or-
ders ofmagnitude larger than theworkingwavelength of light. By
following this thought, Ref. [63] further showed that the so-called
pseudo-Brewster effect of gain media could give rise to the exotic
phenomenon of Brewster-transition radiation, whose ultra-high
directionality always shows up at the Brewster angle, regardless
of the particle velocity. Yet, the creation of this Brewster-transition
radiation requires the thickness of the gain slabs to be one order
of magnitude larger than the working wavelength of light.
For these conventional approaches, generating high-energy

particles requires a complex yet giant acceleration infrastructure,
which is not favorable for designing compact light sources.Mean-
while, the low-energy particles cannot safely penetrate through
these thick samples, mainly due to the potential occurrence of
inelastic particle scattering. To mitigate this issue, a hole with its
center along the particle trajectory should be drilled inside these
thick samples.[57] Despite this scheme being in principle feasi-
ble, it would tremendously increase the complexity during the
sample fabrication and the measurement of light emission. This
way, to facilitate the development of integrated free-electron ra-
diation sources, it is highly wanted to create the transition radi-
ation simultaneously with enhanced intensity and improved di-
rectionality from thin samples (e.g., those with a subwavelength
thickness[64,65]), especially by exploiting low-energy particles. De-
spite extensive research on free-electron radiation,[66–75] this goal
remains a long-standing open challenge that is highly sought
after.
Here, we find a route to achieve the ultra-directional tran-

sition radiation with enhanced intensity by exploiting deep-

subwavelength anisotropic epsilon-near-zero metamaterials. To
be specific, the relative permittivity of anisotropic metamaterials
should have one component close to zero, but the other compo-
nents much larger than unity. Under this scenario, the emerging
radiation peak could have its angular spread much smaller than
one degree, along with its intensity enhanced by three orders
of magnitude, even when the thickness of anisotropic epsilon-
near-zero metamaterials is down to one hundredth of the work-
ing wavelength of light. To place our theoretical findings in the
proper context, the exploration of the transition radiation from
epsilon-near-zero media is traced back to the pioneering work
of Ferrell in 1958.[76] While the epsilon-near-zero media[77–82]

(e.g., isotropic metals and uniaxial boron nitrides) are widely
known to be capable of enhancing the intensity of transition
radiation,[47,83–87] the possibility to further improve the direction-
ality of transition radiation from subwavelength epsilon-near-
zero media remains elusive. Our finding further indicates that
the judicious design of the anisotropy of epsilon-near-zero meta-
materials could offer an extra degree of freedom to simultane-
ously engineer the directionality and intensity of transition ra-
diation on demand. This way, the anisotropic epsilon-near-zero
metamaterials are promising to provide a versatile platform for
the flexible manipulation of particle-matter interactions and for
the development of novel integrated photonic devices based on
free-electron radiation, such as compact light sources and parti-
cle detectors.

2. Result

We begin with the conceptual demonstration of the ultra-
directional transition radiation with enhanced intensity from a
subwavelength anisotropic epsilon-near-zero metamaterial slab
in Figure 1. The anisotropic epsilon-near-zero metamaterial has
a thickness d and a positive relative permittivity 𝜀̄r = [𝜀⊥, 𝜀⊥, 𝜀z]
in Figure 1a, such as d/𝜆0 = 0.1, 𝜖z = 0.1, and 𝜖⊥ = 70
used in Figure 1b–e for conceptual illustrations. These desired
anisotropic epsilon-near-zero metamaterials in principle, could
be implemented by using the effective-medium approach (see
Figures S3–S5, Supporting Information). For conceptual clarity,
the electron velocity is set to be smaller than the Cherenkov
threshold, namely v∕c ≤ min( 1√

𝜀⊥
, 1√

𝜀z
), in order to eliminate the

emergence of Cherenkov radiation.
By launching charged particles to bombard a subwavelength

anisotropic epsilon-near-zero metamaterial slab, the total angu-
lar spectral energy density U(𝜃) of emitted light at the working
wavelength 𝜆0 is analytically calculated by extending Ginzburg
and Frank’s theory of transition radiation.[1,2,8,24,87] The radiation
angle 𝜃 corresponds to the angle between k̄ and k̄z, where k̄ =
k̄⊥ + k̄z is the wavevector of emitted light inside the vacuum re-
gion and k̄z = ẑkz. From Figure 1b–d, there is a strong and sharp
radiation peak at the radiation angle 𝜃 = 𝜃p, namely max(U(𝜃))
= U(𝜃p). Remarkably, the angular width Δ𝜃 or the angular full
width at half maximum of this radiation peak is less than one de-
gree, namely Δ𝜃 = 0.8° in Figure 1b,d. Meanwhile, the intensity
of this radiation peak from anisotropic metamaterials (e.g., 𝜖z =
0.1 and 𝜖⊥ = 70 in Figure 1d) could be three orders of magni-
tude larger than that from isotropic materials (e.g., 𝜖z = 𝜖⊥ = 5 in
Figure 1c) with the same slab thickness.
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Figure 1. Conceptual demonstration of the ultra-directional transition radiation with enhanced intensity from a subwavelength anisotropic metamaterial
slab. a) Structural schematic. The swift electron moves with a velocity of v̄ = ẑv. The anisotropic metamaterial is surrounded by vacuum and has a
thickness d and a relative permittivity 𝜀̄r = [𝜀⊥, 𝜀⊥, 𝜀z]. The emitted light in a vacuum has a wavevector k̄ = k̄⊥ + k̄z, where k̄z = ẑkz. Accordingly, the
radiation angle 𝜃 in vacuum corresponds to the angle between k̄ and k̄z. Without further specification, here and below, we set v/c= 0.1, d/𝜆0 = 0.1, 𝜖z = 0.1,
and 𝜖⊥ = 70, where c is the speed of light in vacuum, and 𝜆0 (e.g., 𝜆0 = 12.2 μm) is the working wavelength of light in vacuum. b–d) Angular spectral energy
densityU(𝜃) of emitted light in Cartesian or polar coordinates. A strong and sharp radiation peak shows up at 𝜃 = 𝜃p. 𝜃c = arcsin

√
𝜀z is the critical angle of

incidence, above which the photonic modes in the metamaterial would be totally reflected and could not couple into free space. e) Isofrequency contours
of propagating eigenmodes inside anisotropic epsilon-near-zerometamaterials. These eigenmodes have a wavevector k̄eigen = ⊥̂k⊥,eigen + ẑkz,eigen, where
k2
⊥,eigen

𝜀z
+

k2z,eigen
𝜀⊥

= ( 2𝜋
𝜆0
)
2
. For comparison, the case from an isotropic material (e.g., 𝜖z = 𝜖⊥ = 5) is also shown in (b–e).

This revealed phenomenon of ultra-directional transition radi-
ation with enhanced intensity in Figure 1b–d is fundamentally
related to the isofrequency contour of propagating eigenmodes
inside anisotropic epsilon-near-zero metamaterials. To be spe-

cific, their isofrequency contour is governed by
k2
⊥,eigen

𝜀z
+

k2z,eigen
𝜀⊥

=
k20, where k̄eigen = ⊥̂k⊥,eigen + ẑkz,eigen is the wavevector of these
eigenmodes inside the metamaterial and k0 =

2𝜋
𝜆0
. When 𝜀z → 0+

and 𝜖⊥ > 0, the corresponding elliptical isofrequency contour
in the k⊥,eigen - kz,eigen parameter space is located within a very
narrow wavevector range, namely k⊥,eigen ∈ [−k⊥,eigen,c, k⊥,eigen,c]
in Figure 1e, where lim

𝜀z→0+
k⊥,eigen,c = lim

𝜀z→0+

√
𝜀zk0 ≪ k0. If 𝜀z →

0+ and 𝜖⊥ ≫ 1, Figure 1e shows that the anisotropic epsilon-
near-zero metamaterial could also support the propagation of
high-k (i.e., high-momentum) eigenmodes. In other words,
these high-k eigenmodes inside anisotropic epsilon-near-zero
metamaterials could not only be excited by swift electrons but
also be capable of transmitting into the vacuum region. Ac-
cording to the momentum-matching condition at the vacuum-
metamaterial interface, we have k̄⊥ = k̄⊥,eigen and thus |k̄⊥| ≤
k⊥,eigen,c. That is, these excited eigenmodes only contribute to
the emitted light within the angular range of 𝜃 ∈ (0, 𝜃c], where

𝜃c = arcsin(k⊥,eigen,c∕k0) = arcsin
√
𝜀z represents the critical an-

gle of incidence, above which the total reflection would happen at
the vacuum-metamaterial interface.Moreover, when 𝜀z → 0+ and
𝜖⊥ ≫ 1, the elliptical isofrequency contour in Figure 1e is to some
extent alike two parallel lines. This directly leads to most high-k
eigenmodes having value of |k⊥,eigen| very close to k⊥,eigen, c. This
further indicates the possibility that these excited eigenmodes
with a large photonic density of states primarily contribute to the
emitted light at an angle (i.e., 𝜃p in Figure 1b) close to 𝜃c, such
as 𝜃p = 14.8° and 𝜃c = 18.4° in Figure 1b. This is exactly the fun-
damental reason for the emergence of a strong and sharp peak
at 𝜃 = 𝜃p in Figure 1b. As a result, the maximum intensity of
emitted light with 𝜃 ∈ (0◦, 𝜃c] is generally much larger than that
with 𝜃 ∈ (𝜃c, 90

◦). For completeness, we show in Figure S6 (Sup-
porting Information) that other types of epsilon-near-zero meta-
materials (e.g., 𝜀⊥ → 0) do not exhibit the unique isofrequency
contours required for the emergence of ultra-directional transi-
tion radiation. For clarity, below we define the angular spectral
factor as 𝜂 =max (U(𝜃), 𝜃 ≤ 𝜃c)/max (U(𝜃),𝜃 > 𝜃c). To be specific,
we have 𝜂 = 54 in Figure 1b. That is, the peak intensity with 𝜃 ∈
(0◦, 𝜃c] is almost two orders of magnitude larger than that with
𝜃 ∈ (𝜃c, 90

◦).
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Figure 2. Influence of 𝜖⊥ on the ultra-directional transition radiation with enhanced intensity from subwavelength anisotropic metamaterial slabs.
a) Normalized angular spectral energy density U(𝜃)/U(𝜃p) of emitted light in the 𝜃 - 𝜖⊥ parameter space. The angular width Δ𝜃 corresponds to the full
width at half maximum of the radiation peak at 𝜃 = 𝜃p. The angular spectral factor is mathematically defined as 𝜂 = max (U(𝜃), 𝜃 ≤ 𝜃c)/max (U(𝜃),𝜃 >

𝜃c). 𝜖⊥,c corresponds to the critical value of 𝜖⊥, above which we always have Δ𝜃 ≤ 5° and 𝜂 ≥ 10, for example in (a), 𝜖⊥,c = 42. b) Angular spectral energy
density U(𝜃) of emitted light for different values of 𝜖⊥, such as 𝜖⊥,1 = 20 < 𝜖⊥,c, 𝜖⊥,2 = 42 = 𝜖⊥,c, and 𝜖⊥,3 = 70 > 𝜖⊥,c used in (b). c) Dependence of the
angular width Δ𝜃 and the angular spectral factor 𝜂 on 𝜖⊥. d) Dependence of the peak intensity U(𝜃p) on 𝜖⊥. If 𝜖⊥ increases, Δ𝜃 decreases and U(𝜃p)
increases.

From the above analysis, both 𝜖⊥ and 𝜖z play a crucial role in
determining the elliptical isofrequency contour shape of propa-
gating eigenmodes inside anisotropic metamaterials. This way,
it is reasonable to expect that both 𝜖⊥ and 𝜖z would significantly
influence the performance of the revealed ultra-directional tran-
sition radiationwith enhanced intensity, as shown in Figures 2–3.
We start with the investigation of the influence of 𝜖⊥ on the

ultra-directional transition radiation with enhanced intensity in
Figure 2. From Figure 2a,b, when 𝜖⊥ is larger than a critical value
𝜖⊥,c (i.e., 𝜖⊥ ≥ 𝜖⊥,c = 42 in Figure 2a), we always have the angular
width Δ𝜃 ≤ 5° and the angular spectral factor 𝜂 ≥ 10. To facilitate
the discussion, below we denote that the revealed phenomenon
of ultra-directional transition radiation with enhanced intensity
emerges only when both conditions of Δ𝜃 ≤ 5° and 𝜂 ≥ 10 are
fulfilled. When 𝜖⊥ is larger than 𝜖⊥,c and further increases, the
radiation peak would become sharper and stronger, and the peak
angle 𝜃p would be much closer to the critical angle 𝜃c = 18.4°

in Figure 2. To be specific, when 𝜖⊥ increases from 42 to 100,
the angular width Δ𝜃 decreases from 5° to 0.3° in Figure 2c, the
angular spectral factor 𝜂 increases from 10 to 150 in Figure 2c,
and the peak angle 𝜃p increases from 11.6° to 15.9° in Figure 2a.
Moreover, the peak intensity U(𝜃p) at the case with 𝜖⊥ = 100 is
more than one order of magnitude larger than that at the case

with 𝜖⊥ = 42 in Figure 2d. By contrast, when 𝜖⊥ is smaller than
𝜖⊥,c and further decreases, the transition radiation would have
worse directionality and weaker intensity. Particularly, when 𝜖⊥

≪ 𝜖⊥,c (e.g., 𝜖⊥ = 20 in Figure 2a,b), the radiation peak begins
to show up at the angle 𝜃p = 42.1° > 𝜃c and has a large angular
width of Δ𝜃 = 48°.
We investigate the influence of 𝜖z on the ultra-directional tran-

sition radiation with enhanced intensity in Figure 3a,b. From
Figure 3, the reduction of 𝜖z (i.e., by letting 𝜀z → 0+) could also
give rise to a sharper and stronger radiation peak. To be specific,
when 𝜖⊥ = 70 and 𝜖z decreases from 0.2 to 0.01 in Figure 3a,
the angular width Δ𝜃 decreases from 1.2° to 0.2°, and the peak
intensity of U(𝜃p) is enhanced by over one order of magnitude.
On the other hand, since the critical angle is governed by 𝜃c =
arcsin

√
𝜀z, the manipulation of 𝜀z → 0+ directly leads to the oc-

currence of radiation peak at a smaller angle (i.e., 𝜃p → 0◦), which
is also much closer to the critical angle (i.e., |𝜃c − 𝜃p| → 0◦). For
example, when 𝜖z decreases from 0.2 to 0.01 in Figure 3a, the
peak angle 𝜃p decreases from 21.0° to 4.6°, and the value of |𝜃c −
𝜃p| decreases from 5.6° to 1.1°.
We now proceed to discuss the influence of slab thickness d on

the ultra-directional transition radiation with enhanced intensity
in Figure 4. From Figure 4a, when the slab thickness decreases,
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Figure 3. Influence of 𝜖z on the ultra-directional transition radiation with
enhanced intensity from subwavelength anisotropic metamaterial slabs.
a) Normalized angular spectral energy densityU(𝜃)/U(𝜃p) of emitted light
in the 𝜃 - 𝜖z parameter space. b) Angular spectral energy density U(𝜃) of
emitted light for different values of 𝜖z. If 𝜖z decreases to zero (i.e., 𝜀z →
0+), Δ𝜃 decreases and U(𝜃p) increases.

the phenomenon of ultra-directional transition radiation with en-
hanced intensitymight disappear. In other words, the emergence
of ultra-directional transition radiation with enhanced intensity
(i.e.,Δ𝜃 ≤ 5° and 𝜂 ≥ 10) requires the slab thickness at least larger
than a critical thickness dc, namely d ≥ dc. For example, the crit-
ical slab thickness is down to dc/𝜆0 = 0.062, if 𝜖⊥ = 70 and 𝜖z =
0.1 in Figure 4a.
To gain a deeper insight, we show the dependence of the crit-

ical slab thickness dc on both 𝜖⊥ and 𝜖z in Figure 4b. From
Figure 4b, the value of dc would decrease if 𝜖⊥ increases, but it
is relatively insensitive to the variation of 𝜖z. That is, the critical
slab thickness that enables the appearance of the ultra-directional
transition radiation with enhanced intensity could be engineered
on demand via the judicious choice of 𝜖⊥. Particularly, the critical
slab thickness could be two orders of magnitude smaller than
the working wavelength, when 𝜖⊥ is larger than 2.4 × 103 in
Figure 4b. For example, we have dc/𝜆0 = 0.9 × 10−2, if 𝜖⊥ = 3
× 103 and 𝜖z = 0.1.
Counterintuitively, we further show in Figure 4c that when this

critical slab thickness is in the deep-subwavelength scale (e.g.,
dc/𝜆0 = 0.9 × 10−2), the directionality of transition radiation, in-
cluding the angular widthΔ𝜃 = 0.8° and the peak angle 𝜃p = 7.3°,
could be insensitive to the variation of electron velocity. This phe-
nomenon is to some extent similar to the phenomenon of free-
electron Brewster-transition radiation revealed in Ref., [63] whose
radiation peak always appears at the Brewster angle, irrespec-
tive of the electron velocity. However, the occurrence of Brewster-
transition radiation requires the existence of optical gain and the
thickness of the gain slab much larger than the working wave-

length (i.e., d/𝜆0 ≫ 1). On the other hand, Ref. [8] recently re-
ported the phenomenon of low-velocity-favored transition radi-
ation and found that the angular spectral energy density U(𝜃)
of this low-velocity-favored transition radiation from hexagonal
boron nitrides (hBN) is also insensitive to the variation of electron
velocity. However, the low-velocity-favored transition radiation in
Ref. [87] generally has a very large angular width (e.g., Δ𝜃 > 40°).
The underlying reason is that for hBN (a typical uniaxial epsilon-
near-zero material), the value of 𝜖⊥ is relatively small (i.e., 𝜖⊥,hBN
= 7.7) at the frequency of 𝜀z → 0. Accordingly, we have 𝜖⊥,hBN ≪

𝜖⊥,c in Ref., [67] which thus cannot enable the emergence of ultra-
directional transition radiation with enhanced intensity revealed
in this work.

3. Discussion

In conclusion, we have revealed a theoretical route to create
the ultra-directional transition radiation with enhanced inten-
sity from a deep-subwavelength slab by exploiting anisotropic
epsilon-near-zerometamaterials. That is, the anisotropic epsilon-
near-zero metamaterial should have one component of the rela-
tive permittivity close to zero, but the other components much
larger than unity. Moreover, we have found the existence of
the critical slab thickness that enables the emergence of ultra-
directional transition radiation with enhanced intensity and have
further shown that the critical thickness could be reduced down
to the unprecedented scale (e.g., one hundred of the work-
ing wavelength), through the judicious design of metamateri-
als’ anisotropy. Our theoretical finding thus shows the enticing
capability of anisotropic epsilon-near-zero metamaterials in the
flexible manipulation of free-electron radiation, including both
its directionality and intensity. These anisotropic epsilon-near-
zero metamaterials might further pave the way toward the pur-
suit of novel integrated photonic devices driven by free electrons,
such as compact light sources and miniaturized particle detec-
tors. Yet in turn, this enticing pursuit fundamentally relies on
the flexible synthesis of epsilon-near-zero metamaterials with
the desired permittivity. For example, the extreme anisotropy re-
quired by our proposed route to directional transition radiation
is seemingly hard to find in natural epsilon-near-zero materi-
als, but could potentially be achieved using an effective-medium
approach. Extra care is also needed in a practical experimental
setup to avoid the inelastic scattering of the free electron when
passing through the sample, which could significantly attenuate
the transition-radiation signal. Looking forward, due to the re-
cent emergence of novel photonic nanostructures (e.g., metama-
terials, metasurfaces, van der Waals heterostructures, photonic
twisted structures, photonic crystals, and spatio-temporal mate-
rials), our finding also indicates rich unexplored physics in the
realm of light-particle-matter interactions and might stimulate
the continual exploration of free-electron radiation in these novel
photonic nanostructures.

4. Experimental Section
Derivation of Transition Radiation: Based on Ginzburg and Frank’s the-

ory of transition radiation, we rigorously calculate the angular spectral
energy density of transition radiation from a uniaxial metamaterial slab
in Figure S1 (Supporting Information). Detailed derivation is provided in

Adv. Optical Mater. 2025, e01449 © 2025 Wiley-VCH GmbHe01449 (5 of 8)
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Figure 4. Ultra-directional transition radiation from deep-subwavelength anisotropic metamaterial slabs and its dependence on the electron velocity.
a) Normalized angular spectral energy density U(𝜃)/U(𝜃p) of emitted light in the 𝜃 - d parameter space. When the slab thickness d is larger than the
critical value dc (i.e., d ≥ dc), we always haveΔ𝜃 ≤ 5° and 𝜂 ≥ 10. b) Dependence of the critical slab thickness dc on 𝜖⊥ and 𝜖z. The value of dc is sensitive
to the variation of 𝜖⊥ and is relatively insensitive to the variation of 𝜖z. If 𝜖⊥ ≫ 1, the critical slab thickness could be two orders of magnitude smaller
than the working wavelength (e.g., dc/𝜆0 = 0.9 × 10−2, when 𝜖z = 0.1 and 𝜖⊥ = 3 × 103). c) Normalized angular spectral energy density U(𝜃)/U(𝜃p) of
emitted light in the 𝜃 - v parameter space, under the scenario of dc/𝜆0 < 10−2.

Supporting Section S1 (Supporting Information). After some calculations,
the total angular spectral energy density of transition radiation is obtained
as U(𝜃) = (|A1|2 + |A3|2) ⋅ 16𝜋3𝜔2𝜀

3∕2
0 𝜇

1∕2
0 cos2𝜃∕sin2𝜃, where A1 (A3) is

the generalized radiation factor in the top (bottom) vacuum region.
Photonic Density of States of Anisotropic Epsilon-Near-Zero Metamateri-

als: The number of photonic eigenmodes per unit volume per frequency
(i.e., photonic density of states) is analytically obtained in Supporting Sec-
tion S2 (Supporting Information), by following the wisdom of condensed
physics. The photonic density of states of anisotropic epsilon-near-zero
metamaterials that could safely couple into free space is compared with
that of isotropic materials in Figure S2 (Supporting Information).

More Discussion on the Ultra-Directional Transition Radiation From Deep-
Subwavelength Epsilon-Near-Zero Metamaterials: We provide a more de-
tailed discussion on the revealed ultra-directional transition radiation with
enhanced intensity in Supporting Section S3 (Supporting Information).
The discussion mainly includes possible experimental implementation
of the epsilon-near-zero metamaterial required for the emergence of di-
rectional transition radiation in Figures S3–S5 (Supporting Information),
analysis on transition radiation from various types of epsilon-near-zero
metamaterials in Figure S6 (Supporting Information), influence of mate-
rial loss on the performance of the ultra-directional transition radiation in
Figure S7 (Supporting Information), demonstration of special phase vari-

ation of transition radiation inside the epsilon-near-zero metamaterial in
Figure S8 (Supporting Information).

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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Section S1. Derivation of transition radiation 

S1.1 Transition radiation from uniaxial slab 

In this section, we derive the transition radiation from a uniaxial metamaterial based on the theory of transition 

radiation proposed by Ginzburg and Frank. As shown in Figure S1a, when an electron with charge 푞 and velocity 

푣  traverses a single interface perpendicularly along the +푧̂  direction, transition radiation occurs in both the 

backward and forward directions. On this basis, we examine the transition radiation emitted from a uniaxial 

metamaterial slab with thickness 푑, as depicted in Figure S1b. This metamaterial slab in region 2 is surrounded by 

vacuum on its top (region 1) and bottom (region 3) and has a relative permittivity tensor 휀�̿� = [휀�, 휀�, 휀�]. 

 

Figure S1. Schematic of transition radiation. (a) Transition radiation from a single interface. (b) Transition radiation 

from a uniaxial slab. 

From the Maxwell's electromagnetic theory, the induced current density from the moving electron is 

퐽�̅(푟̅, 푡) = 푧̂푞푣훿(푥)훿(푦)훿(푧 − 푣푡) (푆1) 

By performing Fourier transformation, equation (S1) can be expressed as 

퐽�̅(푟̅, 푡) = 푧̂ � 푑휔 � 푑푘�� 퐽���,�
� (푧)푒��� ��̅����� (푆2) 

where 푘�� = 푥�푘� + 푦�푘� is the wavevector component perpendicular to the electron velocity and 푟̅� = 푥�푥 + 푦�푦. By 

combining equations (S1-S2), we have 

퐽���,�
� (푧) =

푞
(2휋)� 푒���/� (푆3) 
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Similarly, we apply the Fourier transformation to the electric field 퐸�(푟̅, 푡)  and the magnetic field 퐻�(푟̅, 푡) , 

namely 

퐸�(푟̅, 푡) = 푧̂ � 푑휔 � 푑푘�� 퐸����,�
 (푧)푒��� ��̅����� (푆4) 

퐻�(푟̅, 푡) = 푧̂ � 푑휔 � 푑푘�� 퐻����,�
 (푧)푒��� ��̅����� (푆5) 

After the transformations above, the Helmholtz equations can be written as 

(휕� 휕푧�⁄ + 휔�휇�휀�휀�� − 푘�
�) �퐸��(푧)

퐻��(푧)� = �
(휕� 휕푧�⁄ + 휔�휇�휀�휀��)

퐽
−푖휔휀�휀��

0
� (푆6) 

(휕� 휕푧�⁄ + 휔�휇�휀�휀� − 푘�
�) �퐸��(푧)

퐻��(푧)� = �
(휕� 휕푧�⁄ + 휔�휇�휀�휀�)

퐽
−푖휔휀�휀�

0
� (푆7) 

(휕� 휕푧�⁄ + 휔�휇�휀�휀�� − 푘�
�) �퐸��(푧)

퐻��(푧)� = �
(휕� 휕푧�⁄ + 휔�휇�휀�휀��)

퐽
−푖휔휀�휀��

0
� (푆8) 

where 휀�� = 휀�� = 1  are the relative permittivities of the vacuum regions. Then, the solution of 퐸�(푧)  can be 

expressed as 

퐸�(푧) = 퐸�
�(푧) + 퐸�

�(푧) (푆9) 

퐸��
� =

푞[휔�휇�휀�휀�� − (휔/푣)�]
푖휔휀�휀��(2휋)�[휔�휇�휀�휀�� − 푘�

� − (휔/푣)�]
푒���/� (푆10) 

퐸��
� = 퐴�푒������ (푆11) 

퐸��
� =

푞[휔�휇�휀�휀� − (휔/푣)�]

푖휔휀�휀�(2휋)�[휔�휇�휀�휀� − 푘�
� 휀�

휀�
− (휔/푣)�]

푒���/� (푆12) 

퐸��
� = 퐴�

�푒�����(���)+퐴�
�푒����� (푆13) 

퐸��
� =

푞[휔�휇�휀�휀�� − (휔/푣)�]
푖휔휀�휀��(2휋)�[휔�휇�휀�휀�� − 푘�

� − (휔/푣)�]
푒���/� (푆14) 

퐸��
� = 퐴�푒����(���) (푆15) 
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where 푘�� = �휔�휇�휀�휀�� − 푘�
� , 푘�� = �휔�휇�휀�휀� − 푘�

� ��
��

 , 푘�� = �휔�휇�휀�휀�� − 푘�
� , 퐴�  represents the 

generalized radiation factor in region 푗, 퐸�
�(푧) corresponds to the charge field carried by the electron, and 퐸�

�(푧) 

corresponds to the radiation field emitted from the interface. 

On the basis of equations (S9-S15), we further match the boundary conditions, namely 

푛� × (퐸��� − 퐸���)|��� = 0 (푆16) 

푛� × (퐻��� − 퐻���)|��� = 0 (푆17) 

푛� × (퐸��� − 퐸���)|��� = 0 (푆18) 

푛� × (퐻��� − 퐻���)|��� = 0 (푆19) 

By solving equations (S16-S19), one can obtain the radiation factors as 

퐴� = 푎�,�
�,� + 푎�,�

�,� 푇��푅��푒������

1 − 푅��푅��푒������ + 푎�,�
�,� 푇��푒��������

� �

1 − 푅��푅��푒������ (푆20) 

퐴�
� = 푎�,�

�,� 푅��푒������

1 − 푅��푅��푒������ + 푎�,�
�,� 푒��������

� �

1 − 푅��푅��푒������ (푆21) 

퐴�
� = 푎�,�

�,� 1
1 − 푅��푅��푒������ + 푎�,�

�,� 푅��푒���������
� �

1 − 푅��푅��푒������ (푆22) 

퐴� = 푎�,�
�,�푒��

� � + 푎�,�
�,� 푇��푒�����

1 − 푅��푅��푒������ + 푎�,�
�,� 푇��푅��푒������푒��

� �

1 − 푅��푅��푒������ (푆23) 

푎�,�
�,� =

푖푞
휔휀�(2휋)�

휀�푘�
� � 휔/푣 − 푘��

휀�(푘��
� − 휔�/푣�) − 휔/푣 − 푘��휀��/휀�

휀��(푘��
� − 휔�/푣�)�

(푘��휀�� + 푘��휀�)
(푆24) 

푎�,�
�,� =

−푖푞
휔휀�(2휋)�

휀�푘�
� � 휔/푣 + 푘��

(푘��
� − 휔�/푣�) − 휀��휔/푣 + 푘��휀�

휀�(푘��
� − 휔�/푣�)�

휀�(푘��휀�� + 푘��휀�)
(푆25) 

푎�,�
�,� =

푖푞
휔휀�(2휋)�

휀�푘�
� � 휔/푣 − 푘��

(푘��
� − 휔�/푣�) − 휀��휔/푣 − 푘��휀�

휀�(푘��
� − 휔�/푣�)�

휀�(푘��휀�� + 푘��휀�)
(푆26) 

푎�,�
�,� =

−푖푞
휔휀�(2휋)�

휀�푘�
� � 휔/푣 + 푘��

휀�(푘��
� − 휔�/푣�) − 휔/푣 + 푘��휀��/휀�

휀��(푘��
� − 휔�/푣�)�

(푘��휀�� + 푘��휀�)
(푆27) 

where the transmission and reflection coefficients are given by 
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푅�� =

푘��
휀�

− 푘��
휀��

푘��
휀�

+ 푘��
휀��

, 푇�� =
2 푘��

휀�

휀�
휀��

푘��
휀�

+ 푘��
휀��

(푆28) 

푅�� =

푘��
휀�

− 푘��
휀��

푘��
휀�

+ 푘��
휀��

, 푇�� =
2 푘��

휀�

휀�
휀��

푘��
휀�

+ 푘��
휀��

(푆29) 

In all, we can obtain filed distribution in all regions as 

퐸��(푟̅, t) = 퐸��
�(푟̅, t) + 퐸��

�(푟̅, t) (푆30) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔

−푞
8휋휔휀�휀��

��

��
(휔�휇�휀�휀�� − 휔�/푣�)퐻�

(�) ��휔�휇�휀�휀�� − 휔�/푣�휌� 푒���/�����

+휌� � 푑휔
푖푞

8휋푣휀�휀��

��

��
�휔�휇�휀�휀�� − 휔�/푣�퐻�

(�)(�휔�휇�휀�휀�� − 휔�/푣�휌)푒���/�����
(푆31) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔

−푞
8휋휔휀�휀�

��

��
(휔�휇�휀�휀� − 휔�/푣�)퐻�

(�) ��휔�휇�휀�휀� − 휔�/푣�휌� 푒���/�����

+휌� � 푑휔
푖푞

8휋푣휀�휀�

��

��
�휔�휇�휀�휀� − 휔�/푣�퐻�

(�)(�휔�휇�휀�휀� − 휔�/푣�휌)푒���/�����
(푆32) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔

−푞
8휋휔휀�휀��

��

��
(휔�휇�휀�휀�� − 휔�/푣�)퐻�

(�) ��휔�휇�휀�휀�� − 휔�/푣�휌� 푒���/�����

+휌� � 푑휔
푖푞

8휋푣휀�휀��

��

��
�휔�휇�휀�휀�� − 휔�/푣�퐻�

(�)(�휔�휇�휀�휀�� − 휔�/푣�휌)푒���/�����
(푆33) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔 � 푑푘�

��

�
퐴�푘�2휋

��

��
퐽�(푘�휌)푒����������

+휌� � 푑휔 � 푑푘�푖
��

�
퐴�푘��2휋

��

��
퐽�(푘�휌)푒����������

(푆34) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔 � 푑푘�

��

�
푘�2휋

��

��
퐽�(푘�휌)(퐴�

�푒�����(���)+퐴�
�푒�����)푒����

+휌� � 푑휔 � 푑푘�푖
��

�
푘��2휋

��

��
퐽�(푘�휌)(퐴�

�푒�����(���)+퐴�
�푒�����)푒����

(푆35) 

퐸��
�(푟̅, t) = 푧̂ � 푑휔 � 푑푘�

��

�
퐴�푘�2휋

��

��
퐽�(푘�휌)푒���������

+휌� � 푑휔 � 푑푘� − 푖
��

�
퐴�푘��2휋

��

��
퐽�(푘�휌)푒���������

(푆36) 

퐻��(푟̅, t) = 퐻��
�(푟̅, t) + 퐻��

�(푟̅, t) (푆37) 

퐻��
�(푟̅, t) = 휑� � 푑휔

푖푞휔
8휋

��

��
�휇�휀�휀�� − 1/푣�퐻�

(�)(�휔�휇�휀�휀�� − 휔�/푣�휌)푒���/����� (푆38) 

퐻��
�(푟̅, t) = 휑� � 푑휔

푖푞휔
8휋

��

��
�휇�휀�휀� − 휀�/(휀�푣�)퐻�

(�)(�휔�휇휀�휀� − (휀�휔�)/(휀�푣�)휌)푒���/����� (푆39) 

퐻��
�(푟̅, t) = 휑� � 푑휔

푖푞휔
8휋

��

��
�휇�휀�휀�� − 1/푣�퐻�

(�)(�휔�휇�휀�휀�� − 휔�/푣�휌)푒���/����� (푆40) 
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퐻��
�(푟̅, t) = 휑� � 푑휔 � 푑푘� − 푖휔휀�휀��

��

�
퐴�2휋

��

��
퐽�(푘�휌)푒���������� (푆41) 

퐻��
�(푟̅, t) = 휑� � 푑휔 � 푑푘� − 푖휔휀�휀�

��

�
2휋

��

��
퐽�(푘�휌)(퐴�

�푒�����(���)+퐴�
�푒�����)푒���� (푆42) 

퐻��
�(푟̅, t) = 휑� � 푑휔 � 푑푘� − 푖휔휀�휀��

��

�
퐴�2휋

��

��
퐽�(푘�휌)푒��������� (푆43) 

S1.2 Angular spectral energy density of transition radiation 

Moreover, we analytically calculate the angular spectrum of the transition radiation below. The angular spectral 

energy density can be expressed as 

푊 = � 푑휃푈(휃) ∙ 2휋푠푖푛휃
�
�

�
(푆44) 

where the radiation angle 휃 corresponds to the angle made by the wavevector of emitted light 푘� and its component 

perpendicular to the interface 푘��. 

The total radiated energy 푊 into the vacuum regions can be obtained by integrating the emitted field energy 

density across all space as 푡 → ∞ , since the emitted radiation field is separated from the charge field over a 

sufficiently long time. And for freely propagating waves, the electric and magnetic energy densities are equal in free 

space. Hence, the total radiated energy can be expressed as 

푊 = � 푑푥푑푦 � 푑푧
��

��
휀��|퐸��

�(푟̅, t)|� + 휀��|퐸��
�(푟̅, t)|� (푆45) 

|퐸��
�(푟̅, t)|� = � 푑휔푑휔′ � 푑푘��푑푘�′� 퐸��� �,�,�

� (푧) ∙ �퐸��� �
�,��,�

� (푧)�
∗
푒�[��� �

 ��� �
� �∗�̅�

 �(����)�] (푆46) 

|퐸��
�(푟̅, t)|� = � 푑휔푑휔′ � 푑푘��푑푘�′� 퐸��� �,�,�

� (푧) ∙ �퐸��� �
�,��,�

� (푧)�
∗
푒�[��� �

 ��� �
� �∗�̅�

 �(����)�] (푆47) 

By substituting equations (S46) and (S47) into (S45), we have 

푊 = 2 � 푑휔 � 휀��|퐴�|� 휔�

푐푘�
�

�휀�� −
푐�푘�

�

휔� (2휋)�푑푘� + 휀��|퐴�|� 휔�

푐푘�
�

�휀�� −
푐�푘�

�

휔� (2휋)�푑푘�

��

�
(푆48) 

Then, by comparing equation (S44) and (S48), the total angular spectral energy density of transition radiation can be 

written as 

푈(휃) = (|퐴�|� + |퐴�|�)
16휋�휔�휀�

�/�휇�
�/� cos� 휃

sin� 휃
(푆49) 
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Section S2. Photonic density of states of anisotropic epsilon-near-zero metamaterials 

In this section, we analytically obtain the photonic density of states of anisotropic epsilon-near-zero 

metamaterials, namely the number of photonic eigenmodes per unit volume per frequency [89]. To begin with, the 

photonic density of states 푔(휔) for isotropic materials can be expressed as 푔(휔) = ��
�/���

����� , where 휀� is the relative 

permittivity of isotropic materials. This expression corresponds to the volume of a shell in the momentum space 

bounded between two spherical surfaces, each defined by the frequencies 휔 and 휔 + 푑휔, as illustrated in Figure 

S2a. Notably, not all eigenmodes in isotropic materials can couple into free space. For instance, in an isotropic 

material with the relative permittivity 휀� = 5, only the eigenmodes within the grey region of Figure S2a can safely 

couple into free space. Moreover, the eigenmodes in isotropic materials possess a trivial distribution in the 푘� - 푘� 

parameter space, which accounts for the poor directionality of transition radiation compared to anisotropic epsilon-

near-zero metamaterials. 

In contrast, anisotropic epsilon-near-zero metamaterials with the relative permittivity 휀�̿ = [휀�, 휀�, 휀�]  are 

featured with increased photonic density of states due to the elongated the spheroidal shape via 휀� ≫ 1 . To be 

specific, the anisotropic epsilon-near-zero metamaterials could accommodate more eigenmodes, and particularly, 

support the high-momentum eigenmodes, as shown in Figure S2b. On the other hand, the photonic eigenmodes tend 

to be confined in a narrow angular range, namely (0, arcsin √휀� ], due to 휀� → 0�. 
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Figure S2. Conceptual demonstration for obtaining the photonic density of states of anisotropic metamaterial and 

isotropic material based on the isofrequency contour. (a) Isotropic material. (b) Anisotropic metamaterial. The grey 

and blue shaded regions. 

Section S3. More discussion of the Ultra-directional transition radiation from deep-

subwavelength epsilon-near-zero metamaterials 

S3.1 Possible experimental implementation of the epsilon-near-zero metamaterial required for the 

emergence of directional transition radiation 

In this subsection, we show in Figures S3-S5 that the epsilon-near-zero metamaterial with the desired 

permittivity tensor (namely 휀� → 0 and 휀� ≫ 1) could be implemented and precisely tuned through an effective-

medium approach [90].  

Specifically, as shown in Figure S3a, the multilayer structure with effective parameters (e.g. hBN-Bi₂Te₃ 

multilayer) is formed by alternately stacking the epsilon-near-zero material and high-index dielectric material. For 

example, as illustrated in Figure S3b-c, the precisely defined parameters of 휀� = 0.1 and 휀� = 70 used in the main 

text, could be achieved by tuning the filling ratios of the constituent hBN (휀� → 0) [91] and Bi₂Te₃ (휀� = 휀� reaching 
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100) [92]. Furthermore, we show in Figure S3d that the desired epsilon-near-zero metamaterial implemented by the 

multilayer structure could readily enables the emergence of directional transition radiation, even though the realistic 

material loss could degrade the radiation performance to some extent.

Figure S3. Experimental scheme for flexibly implementing the epsilon-near-zero metamaterial slab with desired 

parameters. For illustration here, the working wavelength 휆� = 12.19 휇m, 휀�,��� = 0.024 + 0.042푖 , 휀�,��� =

7.72 + 0.0135푖, and 휀�,��₂��₃ = 96.5 + 16.7푖 [91-92]. The multilayer has a total thickness of 0.1 휆� and consists 

of 50 unit cells. Within each unit cell, 푑��� = 6.70 nm and 푑��₂��₃ = 17.77 nm. (a) Effective-medium approach 

to implementing the effective slab with effective parameters 휀�,��� → 0 and 휀�,��� ≫ 1. (b,c) Precise design of the 

effective permittivity tensor by tuning the filling ratio of the constituents of the multilayer. (d) Angular spectral 

energy density of transition radiation from the actual multilayer and the effective slab. Directional transition radiation 

emerges from both actual and effective structures and agrees well with each other.

Furthermore, in Figure S4, we show in more detail that the effective medium approach allows us to achieve a 

considerably high effective out-of-plane permittivity of the hBN-Bi₂Te₃ multilayer, e.g. equal to or larger than 70.
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Figure S4. Effective-medium approach to manufacturing epsilon-near-zero metamaterial slab with large out-of-plane 

permittivity. (a) Multilayer structure formed by alternatively stacking high-index Bi₂Te₃ and epsilon-near-zero hBN. 

For illustration here, the multilayer has a total thickness of 0.1 휆� = 1219 nm and consists of 50 unit cells. Within 

each unit cell, 푑��₂��₃ = 17.77 nm and 푑��� = 6.70 nm. (b,c) Real part of the permittivity of Bi₂Te₃ [92] and hBN. 

[91]. (d) Epsilon-near-zero metamaterial with effective permittivity tensor 휀̅̅r,eff = �휀⊥,eff, 휀⊥,eff, 휀푧,eff� implemented 

by the effective medium theory. (e) Real part of the effective permittivity tensor. For example, when 휆� = 12.19 휇m, 

one has 휀�,��� = 0.10 and 휀�,��� = 70.0 ≫ 1.
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Moreover, in Figure S5, we focus on the radiation performance of directional transition radiation emerging from 

the actual hBN–Bi₂Te₃ multilayer and verify its agreement with the results from the epsilon-near-zero metamaterial 

slab with effective parameters.

Figure S5. Ultra-directional transition radiation from an epsilon-near-zero metamaterial slab effectively implemented 

by realistic materials. (a) Structural schematic. A swift electron passes through a hBN-Bi₂Te₃ multilayer. For 

illustration, the multilayer has a total thickness of 0.1 휆� = 1216 nm and consists of 50 unit cells. Within each unit 

cell, 푑��� = 6.68 nm and 푑��₂��₃ = 17.64 nm. (b) Relative permittivity of the effective epsilon-near-zero 

metamaterial formed by the hBN–Bi₂Te₃ multilayer. For example, at 휆� = 12.16 μm, the effective parameters are 

휀�,��� = 70.0 + 12.2푖 and 휀�,��� = 0.36 + 0.12푖. (c) Angular spectral energy density of transition radiation from the 

actual multilayer and the effective epsilon-near-zero metamaterial slab. Notably, directional transition radiation 

emerges from the actual hBN–Bi₂Te₃ multilayer and agrees well with the results for the epsilon-near-zero 

metamaterial slab with effective parameters.

S3.2 Transition radiation from various types of epsilon-near-zero metamaterials

In this subsection, we show the radiation performance of transition radiation from various epsilon-near-zero 

metamaterials. In principle, our revealed ultra-directional transition radiation fundamentally requires the epsilon-
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near-zero eigenmodes to concentrate at a certain emission angle (e.g. at the critical angle 휃 = 휃�), which is in essence 

related to the eigen-wavevector component perpendicular to the electron’s trajectory 푘�, namely 푘� = 푘� sin 휃 <

푘�√휀�. To this end, we show in Figure S6a the isofrequency contours of three types of anisotropic epsilon-near-zero 

metamaterials: type 1, 휀� → 0 & 휀� ≫ 1; type 2, 휀� → 0 & 휀� → 0; and type 3, 휀� ≫ 1 & 휀� → 0. As further 

shown in Figure S6b, only the eigenmodes of type 1 of epsilon-near-zero metamaterials with 휀� → 0 & 휀� ≫ 1 are 

limited within a relatively narrow angular range. Consequently in Figure S6c, the ultra-directional transition radiation 

emerges only for epsilon-near-zero metamaterials with 휀� → 0 and 휀� ≫ 1.

Figure S6. Transition radiation from various types of epsilon-near-zero metamaterials. (a,b) Isofrequency contours 

and angular distribution of eigenmodes inside various epsilon-near-zero metamaterials. (c) Angular spectral energy 

densities of transition radiation for these epsilon-near-zero metamaterials. Only epsilon-near-zero metamaterials with 

휀� → 0  and 휀� ≫ 1  exhibit eigenmodes concentrated near a specific angle, thereby enabling ultra-directional 

transition radiation.

S3.3 Influence of material loss on the performance of the ultra-directional transition radiation

In this subsection, we show the influence of material loss on the performance of ultra-directional transition 
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radiation from anisotropic epsilon-near-zero metamaterials with the relative permittivity 휀�̿ = [휀�, 휀�, 휀�]. In fact, the 

revealed transition radiation has a certain degree of tolerance to the material loss from epsilon-near-zero 

metamaterials. For example, as shown in Figure S7, when the material loss is relatively small (e.g. loss tangent 

tan 훿 = tan(Im(휀) Re(휀)⁄ ) ≤ 30%), the transition radiation from epsilon-near-zero metamaterials could still emerge 

with a nearly one-order-of-magnitude enhancement in intensity and a relatively narrow angular spread less than ten 

degrees.

Figure S7. Influence of material loss on the performance of the ultra-directional transition radiation. The structural 

setup here is exactly the same as that in Figure 1 of the main text except that the material loss is introduced. (a,b) 

Dependence of the angular spectral energy density on the material loss. Material loss is added to 휀� in (a) and 휀� 

in (b). (c) Dependence of the angular width (i.e. angular full width at half maximum) Δ휃 on the material loss. The 

enhanced intensity and characteristic directionality are persevered when the loss is relatively small, e.g. loss tangent 

tan 훿 = tan(Im(휀) Re(휀)⁄ ) ≤ 30%.
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S3.4 Special phase variation of transition radiation inside the epsilon-near-zero metamaterial

In this subsection we investigate the special phase variation of transition radiation from epsilon-near-zero 

metamaterial. In epsilon-near-zero metamaterials, the phase of light could exhibit very small variations as it 

propagates, which is known as the light squeezing or tunnelling [93]. As shown in Figure S8a, our proposed epsilon-

near-zero metamaterials with 휀� → 0 make the eigen-wavevector component perpendicular to the electron’s 

trajectory extremely small, namely �푘�,������/푘� < √휀� → 0. Consequently, as illustrated in Figure S8b-c, the phase 

variation in that direction is negligible. Furthermore, as a supplement in Figure S8d, the plane-like phase front in the 

forward and backward vacuum regions verifies the emergence of directional transition radiation.

Figure S8. Special phase variation of transition radiation inside the epsilon-near-zero metamaterial. For illustration 

here, 푣/푐 = 0.1 , 푑/휆� = 0.1 , 휀� = 10�� , and 휀� = 10� (a) Isofrequency contours of the epsilon-near-zero 

metamaterials. (b) Phase of transition radiation arg(퐻�(푟)) inside the epsilon-near-zero metamaterials. The phase 

is mapped in the 푥 - 푧 parameter space in (b) and shown at different vertical position 푧� = 0.03휆�, 푧� = 0.04휆�, 

and 푧� = 0.085휆� in (c). (d) Field distribution of the emitted directional transition radiation. Inside the metamaterial, 

the transition radiation exhibits extremely small phase variations in the 푥� direction due to 휀� → 0. In forward and 

backward vacuum regions, plane-like phase front indicates the emergence of directional transition radiation.
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